Abstract-We apply the method of the Broadband Green's Functions with Low wavenumber extraction (BBGFL) to calculate band diagrams in periodic structures. We consider 2D impenetrable objects placed in a 2D periodic lattice. The low wavenumber extraction is applied to the 2D periodic Green's function for the lattice which is used to formulate the surface integral equation. The low wavenumber extraction accelerates the convergence of the Floquet modes expansion. Using the BBGFL to the surface integral equation and the Method of Moments gives a linear eigenvalue equation that gives the broadband (multi-band) solutions simultaneously for a given point in the first Brillouin zone. The method only requires the calculation of the periodic Green's function at a single low wavenumber. Numerical results are illustrated for the 2D hexagonal lattice to show the computational efficiency and accuracy of the method. Because of the acceleration of convergence, an eigenvalue problem with dimensions 49 plane wave Floquet modes are sufficient to give the multi-band solutions that are in excellent agreement with results of the Korringa Kohn Rostoker (KKR) method. The multiband solutions for the band problem and the complementary band problem are also discussed.
INTRODUCTION
The calculation of band diagrams is a fundamental subject and has numerous applications for periodic structures in electron waves, microwaves, photonic crystals, metamaterials, volumetric EBG, acoustics etc. A common method is the plane wave method [1] [2] [3] [4] [5] [6] . The Korringa Kohn Rostoker method (KKR) [7, 8] and the multiple scattering method MST [9, 10] were also applied. These two methods used wave expansions to treat circular/spherical scatterers and have high accuracy. The use of Ewald summation was also used to speed up the calculations of the periodic Green's function [9] . Recently, discrete methods such as the finite difference time domain method (FDTD) [11] [12] [13] , and the finite element method (FEM) [14] [15] [16] [17] were also used. The MoM/BIRME method and the IE/BIRME method were also used in calculations of band diagrams in planar and closed metallic electromagnetic bandgap structures [18, 19] . The advantages of the plane wave method are simple implementation and that the eigenvalue problem is linear with the broadband solutions, i.e., all the bands, calculated simultaneously. The disadvantage of the method is the poor convergence of the plane wave Floquet mode expansion. In the plane wave method, a spectral expansion of the potential function or permittivity is taken. This spectral expansion has accuracy issues for large contrasts between the objects and the background medium. The KKR method and the MST have high accuracy but is CPU intensive [5] . The method also requires a nonlinear search for the band solution with one band at a time.
In this paper, the periodic Green's function of the periodic lattice is used to formulate surface integral equation. The periodic Green's function has slow convergence. If the periodic Green's function is used for the surface integral equation to calculate the eigenvalues, the equation is nonlinear and an iterative search needs to be performed with one band at a time. Recently, the Broadband Green's Function with Low wavenumber extraction (BBGFL) [20] [21] [22] [23] has been applied to wave propagation in waveguide/cavity of arbitrary shape. By using a single low wavenumber extraction, the convergence of the modal expansion of the Green's function is accelerated. Also the singularity of the Green's function has been extracted. The method has been shown to be efficient for broadband simulations of wave propagation in waveguides/cavity. It is noted that the modal expansion of Green's function in a waveguide is similar in form to the Floquet expansion of Green's function in a periodic structure. In this paper we adapt the BBGFL to calculate band diagrams in periodic structures. We use a low wavenumber extraction to accelerate the convergence of the periodic Green's function.The BBGFL is used to formulate the surface integral equations. Next applying the Method of Moments gives a linear eigenvalue equation that gives all the multi-band solutions simultaneously for a point in the first Brillouin zone. We label this as "broadband simulations" as the multi-band solutions are calculated simultaneously rather than searching the band solution one at a time. The multiband solutions of the band problem and the multi-band solutions of the complementary band problem are calculated simultaneously. Numerical results are illustrated to show the computational efficiency and accuracy of the method. In Section 2, we formulate the scattering problem of PEC scatterers in a periodic structure.The BBGFL is then applied to the periodic Green's function. The method is then combined with the Method of Moments. In Section 3, numerical results are illustrated for circular impenetrable objects using size parameters that are representative [9] . The case of hexagonal lattice is illustrated. Because of the acceleration of convergence, an eigenvalue problem with dimensions of 49 Floquet modes are sufficient to give the multi-band solutions that are in good agreement with the results of the KKR method. The multiband solutions of the complementary problem are also discussed.
FORMULATION
Consider a 2D periodic lattice ( Figure 1 ) in xy plane with z perpendicular to the plane. We use the following notations. A lattice translation is invariant for 
where −∞ < p, q < ∞.b
and Ω 0 = |ā 1 ×ā 2 | is the size of the unit cell. Letk i be a wave vector in the first Brillouin zone, wherē
where
Then in the spectral domain, the periodic Green's function for a givenk i and k = ω √ με is The factor exp(ik ipq · (ρ −ρ )) is the Floquet (Bloch) mode. We next use a combined Greek index α = (p, q). Then
Note that the above expansion is similar to the waveguide mode expansion [23] . In the problem considered in this paper, the band problem consists of the scatterer being perfect electric conductor and the background has permittivity ε (Figure 1(a) ). The complementary band problem has the roles reversed so that the scatterer has permittivity ε and the background is PEC (Figure 1(b) ). We consider waves that obey the Dirichlet boundary conditions on the surface of the cylinder. The cylinder in cell (0, 0) is labelled as the 0-th cylinder and the cylindrical surface is labelled as S 00 withn the outward normal to S 00 . The region inside the (0, 0) cylinder is labelled as A 00 .
For the band problem, the integral equation is
where ψ is the wave function which is the z component of the electric field for the TM waves of the case of electromagnetics. For the complementary band problem, the integral equation is
Equation (8) is the starting point of the KKR method (Appendix A). Let t be the coordinate on the boundary so that (x, y) = (x(y), y(t)) be a point on the boundary. Then the surface integral equation is obtained by letting (x, y) approach S 00 from A 00 . This is performed for both (8) and (9). Then
where (x(t), y(t)) and (x , y ) = (x(t ), y(t )) are both on the surface of the circular cylinder. In (10), the surface current is J s (t ) =n · ∇ ψ (x , y ). Note that we get the same surface integral equation for the band problem and the complementary problem. Thus solving (10) will give solutions for the multi-bands of the band problem and the complementary multi-bands. We solve surface integral equation to find the multiple values of k for the givenk i . The multivalues correspond to the different bands for the samek i . The difficulties of the approach are (i) the expansion Σ p,q has slow convergence,
(ii) the search for k is a nonlinear search that requires calculations of g P k,k i ; x, y, x , y at many k's, (iii) the search for k is one solution at a time, in order to obtain multiple k in multiband solutions.
In the following we describe the BBGFL that are to circumvent the above three problems. We choose a low wavenumber k L . Then we apply BBGFL, in a manner similar to waveguide/cavity problem [20] [21] [22] [23] . The periodic Green's function is expressed as the sum of the Green's function at that single low wavenumber k L and the Floquet mode expansion with that low wavenumber counterpart subtracted. Then
The above is known as BBGFL (Broadband Green's Functions with Low wavenumber extraction) as it has simple frequency dependence in
. It has two parts, the low wavenumber extraction g P (k L ,k i ;ρ,ρ ) and the Floquet modal expansion. The low wavenumber part has no wavenumber dependence. The mode expansion has convergence of |k iα | 4 and converges even at the pointρ =ρ .
The procedure requires the calculation of g P (k,k i ;ρ,ρ ) only at a single k = k L . We then further decompose the calculated g P (k L ,k i ;ρ,ρ ) into free space Green's function and response
and the response g R (k L ,k i ;ρ,ρ ) can be calculated since we already calculated g P (k L ,k i ;ρ,ρ ). Next we substitute g P (k,k i ;ρ,ρ ) into the surface integral equation. The impedance matrix element has two parts, one part Z (L) mn due to the low wavenumber extraction and the other Z (F ) mn due to the Floquet mode expansion. The singularity atρ =ρ has been extracted and resides in g 0 (k L ;ρ,ρ ). We use MoM with pulse basis functions and point matching. The scatterer boundary is divided into N patches. The impedance matrix elements are
where 1 ≤ m, n ≤ N ,ρ n is the center of the n-th patch, n = 1, 2, . . . , N. The point matching is atρ m , m = 1, 2, . . . , N. We discretize into arc length Δt. The low wavenumber part is
where γ = 1.78107 is the Euler's constant. The modal expansion part is
The matrix equation for the surface integral equation becomes
where J(t) = J n on the nth patch. The matrix equation above can be converted to a linear eigenvalue equation that all the eigenvalues can be solved simultaneously due to the broadband nature of the Green's function. Let N be the number of points in MoM discretization. There are two discretizations α = (p, q) is the Floquet mode index, while m and n are the indices for MoM point matching and patch discretization.
For the p, q index, we truncate by −N max < p, q < N max . Thus M = (2N max + 1) 2 . Since the mode expansion is fast convergent with the low wavenumber extraction, M is much less than that without the extraction.
To reexpress Z (F )
mn , we let
The Greek index is α = 1, 2, . . . , M while the Roman index is m = 1, 2, . . . , N. Then
Next, let
where δ αβ is the Kronecker delta function. Then
We then get 
Note that 1
Substitute (32) into (31), the eigen-problem becomes
is of dimension M × M . Thus the eigenvalue problem of Equation (33) is of dimension M which is the number of Floquet modes. Note thatĀ is independent of wavenumber (frequency) k. Solving the eigenvalue problem is a linear eigenvalue problem with all the eigenvalues 1/(k 2 − k 2 L ) (bands) calculated simultaneously. The eigenvectorsb are also calculated. The surface current J s (t ) is then calculated by using Equations (32) and (20) . Then the wave function ψ (x, y) can be calculated by
where (x, y) can be anywhere inside or outside the cylinder. Equation (35) can be used to determine whether the eigenvalue is a real band (mode) solution or that of the complementary band solution.
NUMERICAL RESULTS
We consider the example of a 2D hexagonal lattice defined by the lattice vectorsā Letk i be a wave vector in the first Brillouin zone as defined in Equation (4). For eachk i , the multi-band solutions give the multiple k's. For each k, we calculate the normalized frequency f N by
In the results, we used k L so that f N (k L ) = 0.001. We have also used f N (k L ) = 0.2 and 0.5, and both give very similar results. Thus the choice of the low wavenumber k L is robust.
We first consider the case when the wave vector is
In Table 1 The area ratio of scatterers to background is πb 2 /Ω 0 = 58%. In Table 2 , we list f N for the first 10 eigenvalues withk i = 0.1b 1 + 0.05b 2 . The results with three different N max to truncate the Floquet modes are compared against the KKR solutions. The BBGFL solutions have both multi-band solutions and the complementary multi-band solutions. The results are in good agreement with that of KKR.
The surface currents corresponding to 5 of the first 10 solutions are plotted in Figure 4 .
In Figure 5 , we draw the band diagram for the crystal structure with periodic PEC cylinders of radius b = 0.4a. Only the four physical band out of the first 10 eigenvalues are shown. The KKR results are also computed at the Γ, M , and K points. The results are in good agreement. In Table 3 , we list the CPU for the results of band diagrams in Figures 3 and 5 . Mat lab R was used in computing the band diagram. We compute the solutions for eachk i in the Brillouin zone. For eachk i , we compute the low wavenumber part of
mn . Next we compute the multiband solutions for the eigenvalues and eigenvectors of Equation (33). The multiband solutions are computed simultaneously. Adding the two CPU gives the CPU of the multiband solutions for onē k i . In Figures 3 and 5 , we use 30k i points in the Brillouin zone. The CPU is the product of that of onek i and the number of points ofk i . The comparison of CPU with KKR is approximate as KKR needs to search iteratively for each band solution, requiring many values of k search for onek i . A crude estimate is that the BBGFL method is about 100 times faster than KKR. The procedure of calculation of g R (k L ,k i ,ρ,ρ ) is described in Appendix B.
CONCLUSIONS
In this paper we have adapted the BBGFL method, previously applied to waveguide/cavity problems [20] [21] [22] [23] , to calculate band solutions of periodic structures in 2D problem with 2D periodicity. We considered the case of Dirichlet boundary conditions. The method is shown to be computationally efficient and accurate. The multiband solutions are calculated simultaneously rather than an iterative search on each root. The method is illustrated for the 2D hexagonal lattice. In the low wavenumber extraction, the choice of the low wavenumber k L is robust. The use of low wavenumber extraction makes the BBGFL method applicable to general lattices. We are extending the method to dielectric scatterers in a dielectric background for the 2D problem. We are also extending the method to 3D problem with 3D periodicity. Since surface integral equation is solved using MoM, the BBGFL method can be applied to scatterers of arbitrary shapes.
APPENDIX A. KKR METHOD
In this appendix, we summarize the governing equations for the KKR method for the case when the PEC cylinder is circular with radius b. The procedure follows that of reference [9] . For the band problem, we use Equation (8) . The solution outside the cylinder is expressed as
On the surface of the cylinder, the surface unknown iŝ
The periodic Green's function is expressed as
where N m is Neumann function of mth order. Since ρ = b and ρ < ρ , using addition theorem of cylindrical waves [24] gives
Substituting into (8) , integrate over φ and since the set J n (kρ) exp (inφ) is complete, we have the matrix equation,
The band solution is given by detΛ (k) = 0 (A11)
The solution requires an iterative search, with band solution of one k at a time. Unlike the surface integral equation, the KKR solution only has that of the band problem of Equation (8), and not Equation ( mn , we note from (15a) and (15b) that we need to compute the response part, g R (k L ,k i ;ρ,ρ ), of the periodic Green's function once at the low wavenumber k L . Note that g R (k L ,k i ;ρ,ρ ) is a smooth function and only depends onρ −ρ . We use the following efficient procedure. Forρ = 0,
Then using Equations (A3) and (B1) and integrating g P k,k i ;ρ over a circle of radius |ρ| = R 1 , we obtain the expression of the coefficients
where φ k iα is the polar angle of the vectork iα and R 1 is an arbitrary radius. After D n (k,k i ) coefficients are obtained, the g R (k,k i ;ρ) is calculated by
In Equations (B3) and (B4), R 2 is chosen to have better normalization of the coefficients C n (k,k i ).
In the BBGFL procedure, Equations (B2), (B3) and (B4) are calculated only once at the wavenumber k L . We choose M L = (401)
2 . Note that M L is different from M . The quantity M is the truncation of BBGFL which is small. On the other hand M L is used to evaluate the periodic Green's function at |ρ −ρ | = R 1 and k = k L . Thus M L is much larger than M . Since the surface integral equation is solved on the surface of the scatterer so that 0 ≤ |ρ −ρ | ≤ 2b in the MoM implementation, we choose R 1 = R 2 = 2b. For the coefficients, we calculate C n (k L ,k i ) and D n (k L ,k i ) for |n| ≤ 4.
